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The non-Bragg resonance of surface water waves is investigated, both theoretically and experimentally, in a
trough with square-wave corrugated sidewalls. Unlike the familiar Bragg resonances, the non-Bragg reso-
nances occur far from the edges of the Brillouin zone and open additional forbidden bands. The experimental
observations confirm the existence of these resonances, and the measurements for the transmission properties
showing both Bragg and non-Bragg band gaps agree fairly well with the theoretical predictions obtained by the
plane-wave expansion method. It is shown that both Bragg and non-Bragg resonances highly depend on the
symmetry of the corrugations on the opposite sidewall. As the relative shift between the two corrugations
increases from zero to the half period of the corrugations, the Bragg gap shrinks and vanishes, but the
non-Bragg gap varies in the opposite way, reaching its maximum, which is impressively wide and much more
efficient in reflecting water waves.
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I. INTRODUCTION

During past decades, wave propagation in periodic struc-
tures has been extensively investigated due to the physical
aspects and potential applications of these structures, such as
photonic �1,2� and phononic crystals �3,4�, fiber grating sen-
sors �5�, and thermal management �6,7�. All this research
focused on Bragg resonances caused by the periodicity,
which opens the Bragg gap and leads to control over the
band structure for special purposes. For instance, group ve-
locity reduction �8� and negative refraction �9� can be real-
ized near the Bragg gap. Recently, these concepts have been
developed in water waves over periodic bottoms for applica-
tions in ocean engineering �10–21�, as well as for a good
demonstration of the physical concepts of wave propagations
in periodic structures by direct observation of the phenomena
with the naked eye �22–26�.

In addition to Bragg resonances, non-Bragg resonances
also play an essential role in the creation of band gaps in
periodic waveguides. In 1998, Pogrebnyak studied the wave
phenomena in a frequency range far from the Bragg reso-
nances and predicted non-Bragg nature resonances in a sinu-
soidally corrugated planar electromagnetic waveguide �27�.
Later, he investigated the controllability of band gaps in-
duced by Bragg and non-Bragg resonances for electron
waves in a quantum well with periodically corrugated walls
�28� and for electromagnetic waves in a sinusoidally corru-
gated planar waveguide �29�. Unlike the Bragg resonances,
the non-Bragg resonances arise away from the edges of the
Brillouin zone with different transverse modes �30� and re-
sult in the creation of additional band gaps. With a change in
the average thickness or the period, the location and width of
band gaps can be adjusted from zero to a maximum value,
and thus a tunable non-Bragg gap was predicted at the mi-
crowave range of frequency in a sinusoidally corrugated pla-
nar waveguide �31�. However, a detailed experimental inves-

tigation of the characteristics of non-Bragg gaps is still
required to confirm the theoretical prediction. Also, ap-
proaches should be made to verify if such resonant phenom-
enon could be extended to other types of waves, such as
water waves. To the author’s knowledge, the concept of the
non-Bragg resonance remains untouched in the context of
water waves propagating in water channels, although there
exists a rich literature on the Bragg resonance �32� and trans-
verse mode coupling �33,34�.

In this paper, we investigate water wave propagation in a
trough with two square-wave corrugated sidewalls. Our at-
tention is paid to the existence of the non-Bragg resonance in
water waves and its properties in band gap formation. In the
following section, we give a description of our experimental
system, in particular, the structure of the periodic waveguide.
Then, in Sec. III, a brief theoretical analysis is given to de-
rive the dispersion relation for surface water waves with the
plane-wave expansion method. The theory predicts the exis-
tence of a non-Bragg resonance and the dependency of the
band structure on the relative shift of two sidewall corruga-
tions. Section IV reports experimental observations that dem-
onstrate these predictions. Also, some important results about
the properties of the non-Bragg resonance are presented in
detail. Finally, the main results are summarized in the con-
cluding section.

II. DESCRIPTION OF THE EXPERIMENTAL SYSTEM

Our experimental setup is schematically illustrated in Fig.
1�a�. We use a rectangular glass-walled trough 4000 mm
long, 92 mm wide, and 300 mm high, filled with clean water
of uniform depth h. On one end of the trough, a V780 vibra-
tor �LDS Test & Measurement Ltd.� drives a piston to gen-
erate monochromatic plane water waves. On the other end,
the transmitted wave is incident on and almost absorbed by a
slanted sponge beach, with a slope of 1:10.

The periodic structure of the water channel implemented
in this system is more clearly shown in Fig. 1�b�. On the
inner surface of each sidewall, a series of equally spaced
identical blocks of glass are firmly fastened to form a corru-
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gation with period �. Each block is as high as the sidewalls,
with thickness d less than half the channel breadth b, and
width w��, and the corrugations are identical on the oppo-
site sidewalls, except for a longitudinal shift �x. The relative
shift can be measured by the dimensionless phase �=K�x,
where K=2� /�. By taking the �x ,y� plane in Cartesian co-
ordinates as shown in Fig. 1�b�, and the z axis pointing in the
upward direction perpendicular to the flat water surface at
z=0, the actual sidewall profiles can be expressed as

y1 = dY�Kx − �� ,

y2 = b − dY�Kx� , �1�

with Y�x�=Y�x+2��, and

Y�x� = �1, 0 � x � Kw ,

0, Kw � x � 2� .
� �2�

To measure the wave motion, a gauge is used to probe the
surface elevations at nine points on the midline of the trough,
as is indicated in Fig. 1�a�. The gauge is a pair of �closely
separated� parallel electrodes vertically dipped into water
�10�. Owing to the reflection from the periodic structure, the
wave ahead of the wave generator is partially standing. We
separate the amplitude of the incident wave from that of the
standing one by detecting the wave peaks and troughs, and
measuring the corresponding amplitudes. This is accom-
plished by choosing a set of eight measurement positions,
from 1 to 8, which are located on the up-wave side of the
periodic corrugations, approximately midway between the
corrugations and the piston. These positions are about
17 mm apart from each other on the midline, and they cover
at least one wave peak and one trough. On the down-wave
side of the periodic corrugations is the ninth measurement
position at which the transmitted wave is recorded. Indepen-
dent checks are carried out on the accuracy of the driving
frequency f and the reflection coefficient of the slanted beach
in the frequency range 2–6 Hz. The results indicate that the
deviation of the working frequency is controlled within
	0.005 Hz, and the reflection coefficient is smaller than 5%.

In the experiment, each wall corrugation contains N=11
periods, and the other dimensional parameters w=40 mm,
d=12 mm, b=92 mm, h=100 mm, and �=100 mm. The pe-
riod � is chosen such that the resonant frequency falls into
the considered frequency range, within which surface water
waves can be effectively excited and tested in the present
system.

III. EXISTENCE OF THE NON-BRAGG RESONANCE

Before presenting our experimental observations, let us
first give a brief theoretical analysis about surface wave
propagation and their band structures in the above-described
system. Under the assumptions of incompressible and invis-
cid fluid and irrotational motion, linear water waves in the
waveguide of uniform depth h can be described by the ve-
locity potential 
�x ,y ,z , t� �10�. For the rigid boundary con-
dition at z=−h and the harmonic motion with an angular
frequency �=2�f , 
�x ,y ,z , t� can be expressed by the ve-
locity potential on the bottom surface ��x ,y�, as follows:


�x,y,z,t� = ��x,y�cosh k�z + h�e−i�t + c.c., �3�

where c.c. denotes the complex conjugate, and k is the wave
number determined by the angular frequency � through the
linear dispersion relation �23�

�2 = �gk + k3/��tanh kh , �4�

with g standing for the gravitational acceleration, 
=73 dyn /cm being the surface tension of clean water, and
�=1 g /cm3 the density of water. ��x ,y� is governed by the
Helmholtz equation

�2� + k2� = 0, �5�

where the two-dimensional Laplace operator �2= ��x
2 ,�y

2�. It
also satisfies the rigid boundary condition,

��

�n
= 0 at y = y1,y2, �6�

where n is an outward unit normal on the corrugated side-
walls.

According to Floquet’s theorem �27�, we have

��x,y� = ei�xu�x,y� , �7�

where � is the Bloch wave number and u�x ,y�=u�x+� ,y� is
a periodic function of x. Substituting it into Eq. �5� yields an
expansion of ��x ,y�:

��x,y� = �
n

�aneiky,ny + bne−iky,ny�eikx,nx,

kx,n = � + nK, ky,n = �k2 − kx,n
2 , n � Z , �8�

where an and bn are the coefficients of the Fourier series, and
kx,n and ky,n are the longitudinal and transverse components
of the wave number k, respectively.

Analogous to the earlier theoretical work �27,35�, the
Bragg and non-Bragg resonances occur at the intersections of
the folded dispersion curves,
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FIG. 1. �a� Schematic diagram of the experimental system �side
view�. �b� Part of the periodic structure �top view�.

XIAO et al. PHYSICAL REVIEW E 78, 016311 �2008�

016311-2



�pq = 	
K

2
�1 − 	 �

Kb

2

�p2 − q2�� , �9�

where p and q are the indices for different transverse modes
�30�, and the resonant frequency is defined as fpq. For the
Bragg resonance, the surface water waves have similar trans-
verse distributions, i.e., p=q, and the resonant wave number
�pq= 	K /2. So the Bragg resonances always occur at the
edges of the Brillouin zone, while the non-Bragg resonances
appear far away from the edges, with the surface waves hav-
ing different transverse distributions, i.e., p�q.

Substituting Eq. �8� into the rigid boundary condition �6�
and transferring them to the frequency regime leads to an
infinite system of linear algebraic equations for the coeffi-
cient vectors A= �an�, B= �bn�,

Q · A

B
� = 0, Q = C�+1� C�−1�

C�+2� C�−2� � , �10�

where C�	j�= �Cm,n
�	j�� is an m�n matrix, j=1,2, and

Cm,n
�	j� = �

0

�

e−i�m−n�Kx�	ky,n − kx,nyj��e
	iky,nyjdx . �11�

The existence of nontrivial solutions to the coefficient vec-
tors A ,B requires that the determinant of the coefficient ma-
trix Q must be zero,

det�Q�k,��� = 0. �12�

In the computation, the analytic expression of the integral
in Eq. �11� is worked out and employed, and the infinite
matrix Q�k ,�� is truncated to a finite one by using −M
�m ,n�M. Here we choose M =9 to guarantee the satisfac-
tory convergence of the eigenvalues. The accuracy is care-
fully checked by increasing M from 3 to 15. The discrepancy
is less than 1%. Also the relevant geometrical parameters of
the waveguide must be specified in the computation. Here
we adopt those used in our experiment �see Sec. II�.

The numerically calculated band structures for the troughs
with four different arrangements are shown in Fig. 2. Due to
the symmetry, only a half Brillouin zone with the width K /2
for each of the four cases is plotted, and they are arranged in

sequence for direct comparison. Figure 2�a� presents the
“folded” dispersion of the original trough without corruga-
tion. The dispersions for the fundamental and the first trans-
verse modes are shown by the solid and the dashed lines,
respectively. For the trough used here, the first Bragg and
non-Bragg resonances should occur at f00=2.80 Hz and f01
=3.20 Hz, respectively. Also, another Bragg resonance ap-
pears at f11=3.42 Hz, but it is noted that this resonance can-
not result in a real complete gap because of the propagation
of the fundamental mode. Figures 2�b�–2�d� show the disper-
sion curves �the black dots� and the forbidden bands �the
shaded areas�, respectively, at �=0, � /2, and �. For the
symmetric case, i.e., �=0, a broad Bragg gap appears around
the Bragg resonant frequency f00, but the non-Bragg gap
vanishes. On the contrary, for the antisymmetric case
��=��, the Bragg gap vanishes, and a wide non-Bragg gap
emerges around the non-Bragg resonance frequency f01. In
the cases in between, such as �=� /2, there appear both band
gaps, separated by a pass band, as can be seen in Fig. 2�c�.

To investigate the effectiveness of prohibiting surface-
wave propagations in the resonance-induced band gaps, the
transmission coefficients T of the three periodic troughs just
mentioned above are calculated directly from the Helmholtz
equation �5� and the rigid boundary condition �6� with the
finite-element method �36�. In the calculation, the damping
effects are not taken into account. Here we restrict the peri-
odic waveguide to be of finite length, and it contains the
same number of periods as in experiment �N=11�. Let ain be
the amplitude of the wave incident on the periodic structure,
and aout be the one transmitted through the periodic structure.
Then the transmission coefficient is defined, as usual, by

T = 20 log10
aout

ain
. �13�

The numerical results are plotted in Fig. 3. For the symmet-
ric and antisymmetric cases, either the Bragg �dotted line� or
the non-Bragg �dashed line� gap results in the transmission
loss �−T� through the periodic trough. In particular, the
greater transmission loss is observed under the non-Bragg
resonance, showing that the non-Bragg resonance is more

0
0

1

2

3

4

f
(H

z)

K/2 0 0K/2
β

(a) (b) (c) (d)

FIG. 2. �Color online� Dispersion curves for troughs with peri-
odic units shown on the lower part of each subplot, �a� for a straight
trough without corrugation; �b�, �c�, and �d� for troughs with phase
shift �=0 �symmetric�, � /2, and � �antisymmetric�, respectively.
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FIG. 3. Transmission coefficients �by simulations� of water
waves through the periodic troughs for �=0 �dotted line�, � /2
�solid line�, and � �dashed line�.
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effective for damping surface water waves. For an interme-
diate case such as �=� /2 �solid line�, the Bragg and non-
Bragg gaps both cause transmission loss in the frequency
range concerned, but the non-Bragg one still gives a greater
transmission loss. All these forcefully demonstrate the cru-
cial role the non-Bragg resonance plays in shaping the band
gap structure of periodic troughs.

Further numerical results about the width of the two band
gaps are plotted in Fig. 4. We map the position and the width
of the band gaps as a function of the phase shift � in the
figure, and recognize the upper shaded area as the non-Bragg
and the lower as the Bragg gap. It is clear that the Bragg gap
narrows and the non-Bragg gap broadens as the phase shift �
increases from 0 to �. The optimal phase shift that gives a
maximum sum width of the two gaps, �f =0.37 Hz, is
�=� /2.

In brief, we have predicted the existence of the non-Bragg
resonance in a trough with periodic square-wave corrugated
sidewalls, as long as there is a phase shift � between the
periodic corrugations of the opposite walls. The analysis also
reveals that the non-Bragg-resonance-induced forbidden
band can be as wide as the Bragg one. In particular, as the
phase shift � approaches �, i.e., the opposite corrugation
becomes out of phase, the transmission loss within the non-
Bragg gap can even be much greater than that in the Bragg
gap.

IV. EXPERIMENTAL OBSERVATIONS AND RESULTS

To confirm these interesting findings and further investi-
gate the properties of the non-Bragg resonances, we perform
the experiment in the periodic trough described in Sec. II. In
the experiment, a piston is driven to generate monochromatic
plane water waves at the frequencies ranging from
2.30 to 3.75 Hz. To avoid nonlinear effects, the amplitudes a
of generated water waves are controlled to be smaller than
10 mm �peak-peak value�, so that ka�0.2. On the other
hand, to ensure the sensitivity and precision of the measure-
ment, the amplitudes of incident waves are sometimes ad-
justed to guarantee that the amplitudes of the transmitted
waves are greater than 1 mm. As an exception, much larger-

amplitude waves, namely, with 26 mm peak-peak value,
which is the largest in the experiments, are produced at reso-
nant frequencies, so as to detect the much weaker transmitted
waves. Even for such large-amplitude incident waves, the
transmitted wave is measured to be only about 0.1 mm in
amplitude. We arrange the corrugations of the opposite side-
walls at three different phase shifts, �=0, � /2, and �. For
each of the three geometrical configurations, the incident and
transmitted wave amplitudes in the considered frequency
range are recorded at the positions as described in Sec. II,
and then the relative transmission coefficients along the cen-
ter lines of the troughs can be calculated, as presented in Fig.
5. The results are in qualitative agreement with the theoreti-
cal ones in Fig. 3. In the symmetric case ��=0�, the experi-
ment confirms the existence of the Bragg gap but the nonex-
istence of the non-Bragg gap. For �=� /2, the Bragg gap
shrinks a little and a quite wide non-Bragg gap appears. In
the case of the antisymmetric arrangement ��=��, we ob-
serve that the surface wave propagates without the Bragg
reflection, but it can suffer much stronger non-Bragg reflec-
tion in an impressively wide band gap.

As compared with the predictions in Fig. 3, we notice that
the measured results in Fig. 5 indicate some additional trans-
mission loss �over 5 dB in the frequency range�, and this loss
tends to be greater at higher frequency. We ascribe this wave
attenuation to the damping effect which is inevitable in ex-
periment. Generally speaking, the damping effect becomes
strong as the frequency f increases. Actually, for the water
waves �ka�0.2� considered here, the viscous coefficient of
water �=0.01 cm2 /s, and the Reynold’s number R
=�a / �k�� �37�, is estimated to decrease from 6300 to 1500
as the frequency increases from 2.30 to 3.75 Hz.

In addition to the damping effect, we also notice that all
non-Bragg gaps shift a bit toward higher frequency. Presum-
ably, this difference might be caused by the meniscus on the
sidewalls. The contact line can move and the maxima of the
water surface are not located at the walls. In the experiments,
the “effective” width of the trough is smaller than b, which
means a higher frequency for the non-Bragg reflections �19�.
Aside from these discrepancies, we see that the experimental
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FIG. 4. �Color online� Band map as a function of the phase shift
�. The shaded areas denote the complete band gaps, the upper for
the non-Bragg and the lower for the Bragg gap.

2.4 2.6 2.8 3 3.2 3.4 3.6
−45

−40

−35

−30

−25

−20

−15

−10

−5

0

f (Hz)

T
(d

B
)

FIG. 5. Measured transmission coefficients T versus frequency,
respectively, for �=0 �the squares connected by dotted line�, � /2
�the circles connected by solid line�, and � �the triangles connected
by dashed line�.
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results agree fairly well with the numerically computed ones.
To further understand the non-Bragg resonance, let us ex-

amine how the transmission coefficient T varies with the
phase shift � in more detail. Shown in Fig. 6 are the results
for two selected frequencies f =2.80 and 3.20 Hz, which are
located, respectively, within the Bragg and non-Bragg gaps
�see Fig. 5�. Clearly, T is a periodic function of � with period
2�, i.e., T��+2��=T�2��, but the two functions for
f =2.80 and 3.20 Hz are exactly � out of phase, which is in
agreement with the predictions in Sec. III. At the lower fre-
quency, only the Bragg resonance can be observed by vary-
ing the phase shift, and the maximum transmission loss oc-
curs for �=2n�, n=0, 	1, 	2, . . . . On the contrary, at the
higher frequency, only the non-Bragg resonance can occur,
and the resulting transmission loss becomes maximum at
�=n�, n= 	1, 	3, . . . .

V. CONCLUSIONS

In conclusion, we have performed both theoretical and
experimental investigations on surface-wave propagation in

a trough with periodically corrugated sidewalls and explored
the existence of a resonance of non-Bragg nature in addition
to the well-known Bragg resonance. By invoking the plane-
wave expansion, a numerical method is developed to analyze
the resonance-induced band gaps. Both Bragg and non-
Bragg gaps are predicted theoretically and then confirmed
experimentally. Unlike the Bragg resonance, the non-Bragg
one occurs between modes of different transverse wave pro-
files, and thus it manifests itself in some higher frequency
range. We also find that, in the present wave system, the
resonance can occur only if there is a nontrivial phase shift �
in the periodicity of the opposite sidewalls, while the usual
Bragg resonance favors the symmetrical wall configuration
with respect to the midline of the water channel. As the
phase shift � goes from 0 �symmetrical� to � �antisymmetri-
cal�, the Bragg resonance becomes weak and then disap-
pears, while the non-Bragg resonance appears and becomes
dominant in reflecting incident waves. Accordingly, the
Bragg band gap shrinks in the lower frequency range, but the
non-Bragg band gap expands in the higher frequency range.
Therefore, both band gaps are highly tunable by the phase
shift.

Unexpectedly, the observed maximal non-Bragg gap �at
�=�� is impressively wide, and the transmission loss inside
this gap is much greater, showing the crucial role the non-
Bragg resonance plays in water wave propagation in such a
periodic water channel. In the intermediate case, 0����,
both Bragg and non-Bragg resonances contribute to the re-
sulting band structure. All these interesting findings will not
only benefit the understanding of wave propagation in com-
plex waveguides, but also open a broad scenario to design
more complex band structures in such applications as ocean
engineering.
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